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Abstract 


Let // be a finite dimensional quasi-Hopf algebra over a field k and 21 a right //-comodule algebra 
in the sense of [12|. We first show that on the A:-vector space 21®//* we can define an algebra 
structure, denoted by 21#//*, in the monoidal category of left //-modules (i.e. 21#//* is an H- 
module algebra in the sense of [^). Then we will prove that the category of two-sided (21,//)- 
bimodules is isomorphic to the category of relative (21 #//*,//*)-Hopf modules, as introduced 

in [|]]. In the particular case where 21 = //, we will obtain the Nill’s result announced in [p^. We will 
also introduce the categories of Doi-Hopf modules and two-sided two-cosided Hopf modules and we 
will show that they are in certain situations isomorphic to module categories. 


0 Introduction 


Quasi-bialgebras and quasi-Hopf algebras were introduced by Drinfeld [ jlll ] in connection with the 
Knizhnik-Zamolodchikov equations [|T5|]. Let k be a field, H an associative algebra and A : H —>■ H 
and e: H k two algebra morphisms. Roughly speaking, // is a quasi-bialgebra if the category of 
left //-modules, equipped with the tensor product of vector spaces endowed with the diagonal //-module 
structure given via A, and with unit object k viewed as a left //-module via s, is a monoidal category. The 
comultiplication A is not coassociative but is quasi-coassociative in the sense that A is coassociative up to 
conjugation by an invertible element <I> G // 0 // ®//. Moreover, // is a quasi-Hopf algebra if and only if 
each finite dimensional left //-module has a dual //-module. Note that, the definition of a quasi-bialgebra 
and a quasi-Hopf algebra is not self dual. 

Since H is not a coassociative coalgebra, it is impossible to define comodules over H. However, since 
// is a coalgebra in the monoidal category of (//,//)-bimodules h^h, we can define Hopf modules in 
■ More exactly, a Hopf module in h^h ^ right //-comodule in the monoidal category h^h, cf. 
0 - Also, we can define a Hopf module in a Hopf module in is an //-//-bicomodule in 

the monoidal category h^h, cf. [19|. 

Using the theory of (co)algebras and (co)modules in monoidal categories we can define categories of 
relative Hopf modules. If // is a finite dimensional quasi-bialgebra and A an algebra in the monoidal 
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category , then a relative Hopf module in is a right //*-comodule (H* is a coassociative coal¬ 
gebra) which is also a right A-module in the monoidal category , see |^. Similarly, if we start with 
a coalgebra C in the monoidal category of right //-modules Me, then a relative Hopf module in 
is a left C-comodule in the monoidal category Me- Of course, when H is an ordinary bialgebra these 
categories are exactly the ones defined by Doi in |||]. Unfortunately, at the moment, the basic category 
of Hopf modules is not defined (a possible way fo define fhis cafegory will be presenfed later in 
Section 3). 

In this paper, our goal is to generalize all the categories presented above and to prove that, in the finite 
dimensional case, they are isomorphic to module categories. Essential tools will be the notions of co¬ 
module algebra and bicomodule algebra over a quasi-bialgebra H [jl^. An associative algebra 21 is called 
a right //-comodule algebra if there exists an algebra map p : 2 t —> 210 // which is “almost” associative, 
in a way similar to the “almost” coassociativity of the comultiplication on a quasi-bialgebra; a detailed 
definition will be presented below. In a similarl way, we can define fhe notion of leff //-comodule alge¬ 
bra. If // is a finile dimensional quasi-bialgebra and 21 a righf //-comodule algebra, fhen we can define 
a multiplication on fhe vector space 21 ( 8 )//*; we obfain an algebra in fhe monoidal category e^ (i-e. 
a leff //-module algebra), which will be denofed by 2t#//*. Notice fhaf, in fhe Hopf case, 21#//* is 
jusf fhe usual smash producf of 21 and //*, and fhis is why we call fhe monoidal algebra 21 #//* fhe 
quasi-smash producf of 21 and H*. Also remark fhaf, in fhe quasi-Hopf case, 21 # //* is nol an associafive 
algebra because fhe associativity constrainfs of //St/ are nof fhe frivial ones buf fhe ones given by fhe 
reassociafor <I> of H. 

In Section || we will define fhe cafegory of fwo-sided (2t,//)-Hopf modules e^%- Concerning ifs de- 
scripfion in ferms of relafive Hopf modules, a cenfral role is played by 21#//*. Firsf, fhe definifion of a 
fwo-sided (2l,//)-Hopf module is slighfly more general than the one given for a Hopf module in e^e ■ 
Its objects are //-2t-bimodules and “almost” right //-comodules such that, in the usual way, the right 
//-coaction is left //-linear an a right 2t-linear map. If 21 = //, then e^S is just the category of Hopf 


IS 


modules e^e described above. Secondly, if // is a finite dimensional quasi-Hopf algebra then e^ 
isomorphic to the category of relative (21 # //*,//*)-Hopf modules (this generalizes [^, Proposition 2.3]). 
Following ijUl, we can show in this case that e^% is isomorphic to the category of right (21 #//*)#//- 
modules, where (21 # //*)#// denotes the smash product algebra (in the sense of 0) of 21 # //* and H. In 
particular, taking 2t = // we recover Nib’s result, as announced in | lA], which states that e^e i^ isomor¬ 
phic to the category of right modules over the two-sided crossed product // Xi //* IX //. In Section ^ we 
will prove that the two-sided crossed product constructed in [ p^ ] is in fact a generalized smash product. 
As a consequence, (// # H*)#H is just the two-sided crossed product H X H* \x H {as an algebra). 

In the second part of the paper we will study the category of two-sided two-cosided Hopf modules 

Ca,rH 


. Here C is a coalgebra in the monoidal category of (//,//)-bimodules e^h (i-u. an //-bimodule 
coalgebra), and A is an //-bicomodule algebra in the sense of |[T^. Roughly speaking, an object in 
e^a ^ two-sided (A,//)-Hopf module which is also an “almost” left C-comodule such that the left 
C-coaction is compatible with the other structure maps. In Section ^ we will show that if C and H are 
finite dimensional then eM^ is isomorphic to a category of right modules. To this end we will describe 
first e^a ^ category of Doi-Hopf modules. If 23 is a left //-comodule algebra and C is a right 
//-module coalgebra then the category of right-left (//,23,C)-Doi-Hopf modules (Z/)® is a straight¬ 
forward generalization of the category of relative Hopf modules ^Me- When C is finite dimensional, 
(Z/)® is isomorphic to the category of right modules over the generalized smash product C*^<2S. 
Now, returning to the category fjMf, if H is finite dimensional then we will show that (A#//*)#// is 
a left //( 8 )//°P-comodule algebra (here ”op” means the opposite multiplication on H) so, it makes sense 
to consider the category of Doi-Hopf modules (//( 8 )//°p) . 5 . Moreover, the main results 


2 



asserts that is isomorphic to (’^^is generalizes [||, Proposition 2.3]). In 

particular, if C is also finite dimensional, we obtain that is isomorphic to the category of right 

modules over the generalized smash product = C*^<((A # In the Hopf case, the left-handed 


version of this result was first obtained by Cibils and Rosso |^. More precisely, they define an alge¬ 
bra X having fhe properly lhal Ihe category is isomorphic lo Ihe category of lefl A-modules. 

Recenfly, Panaile [ p^ ] inlroduced Iwo olher algebras Y and Z wifh fhe same properly as A. P is Ihe 
fwo-sided crossed producl H*#{H (g) and Z is fhe diagonal crossed producl (in fhe sense of 

[0) X (//(8)//°P). 


1 Preliminary results 

Quasi-Hopf algebras 

We work over a commulalive field k. All algebras, linear spaces elc. will be over k\ unadorned ® means 
Following Drinfeld |[TI|], a quasi-bialgebra is a fourluple where H is an associalive 


algebra wifh unil, <I> is an invertible elemenl in H and A : H ^ H ®H and s : ^ k are 

algebra homomorphisms salisfying fhe idenlifies 

{id®X){X{h))=^{X®id){X{h))^-\ ( 1 . 1 ) 

{id®z){X{h)) = (s<g)/r/)(A(/j)) = 1 0/j, (1.2) 

for all h £H, and <I> has lo be a normalized 3-cocycle, in fhe sense lhaf 

(1 (8)<I>)(/d<8) Aig)/r/)(<I>)(<I>i8) 1) = (/r/i8)/r/(8) A)(<I>)(A(g)/r/0/<i)(<I>), (1.3) 

(/if 0 s (g) ^^/) (<I>) = 1(8)1 (8)1. (1.4) 


The map A is called fhe coproducl or fhe comulfiplicafion, s fhe counil and <I> fhe reassocialor. As for 
Hopf algebras [21] we denote A{h) = ®/i 2 , bul since A is only quasi-coassocialive we adopl fhe 

furlher convenlion 


(A0/r/)(A(/j)) = 52/2(1,1) 0/j(i,2) (/r/0A)(A(/j)) = 52^1 ® ® ^( 2 , 2 )) 

for all h^H. We will denote fhe tensor componenls of <I> by capilal tellers, and fhe ones of <I>^^ by small 
tellers, namely 


<I>^‘ =52^^®/^®/^ =^v^0v^0v^ = •■• 

H is called a quasi-Hopf algebra if, moreover, Ihere exisls an anli-aulomorphism S of fhe algebra H and 
elemenls a, p G // such lhaf, for all h ^ H,we have: 

^S{h\)ah 2 = E{h)a and ^hi^S{h 2 ) = £{h)^, (1.5) 

52A^pS(A2)aA3 = 1 and 525(xi)cu:2p5(x^) = 1. (1.6) 

For a quasi-Hopf algebra fhe anlipode is determined uniquely up lo a Iransformalion a ^ Ua, p 1 —> 
P/y^', S{h) US{h)U^^, where U ^ H is invertible. The axioms for a quasi-Hopf algebra imply lhal 
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s(a)s(P) = 1, so, by rescaling a and P, we may assume without loss of generality that s(a) = s(P) = 1 
and s o S = s. The identities (|T2|), ( |1.3[ ) and ( |1.^ also imply that 

(£0/r/(8)/(i)(<I>) = (/r/0/r/(8) £)(<!>) = 1 ig) 1 0 1. (1.7) 

Next we recall that the definition of a quasi-Hopf algebra is “twist coinvariant” in the following sense. 
An invertible element F gH^H is called a gauge transformation or twist if (£0ir/)(F) = {id^e){F) = 
1. If // is a quasi-Hopf algebra and F = ^F^0 F^G//0//isa gauge transformation with inverse 
F^^ = then we can define a new quasi-Hopf algebra Hp by keeping the multiplication, unit, 

counit and antipode of H and replacing the comultiplication, antipode and the elements a and p by 


AF{h)=FA{h)F-\ (1.8) 

<I)P = (l0F)(ir/0A)(F)<I)(A0ir/)(F-')(F-i0l), (1.9) 

aF = '£s{G^)aG\ pf = Xf'P5(f2). (1.10) 

It is well-known that the antipode of a Hopf algebra is an anti-coalgebra morphism. For a quasi-Hopf 
algebra, we have the following statement: there exists a gauge transformation / e 7/0// such that 

/A(5(/j))/^i =£(505)(A‘’P(/j)), forall/iG//, (1.11) 

where A°^{h) = 0/zi. / can be computed explicitly. First set 

^A^0A2 0A^0A'^ = (<I>0l)(A0jW0/<i)(<I>^^), (1.12) 

06^06^ 05"^ = (A0iW0/r/)(<I>)(<I>^' 01) (1.13) 

and then define y, 6 G 7/ 0 7/ by 

y=£5(A2)aA3 05(Ai)ocA^ and 5 = £Bip5(B'‘)0B2p5(B^). (1.14) 

/ and are fhen given by the formulas 

/ = £(50S)(A°P(xi))yA(x2pS(x3)), (1.15) 

= £A(S(xi)ca:2)6(S0S)(A°P(x3)). (1.16) 

/ satisfies the following relations: 

/A(a)=y, A(p)ri=6. (1.17) 

Furthermore the corresponding twisted reassociator (see (|T^) is given by 

<I)^. = £(50505)(a3 0A20A1). (1.18) 

In a Hopf algebra 77, we obviously have the identity 

^hi 0/j2S(/z3) = /i0 1, for all /j G 77. 


We will need the generalization of this formula to the quasi-Hopf algebra setting. Following [p^, [p^, 
we define 

Pr = Y,Pr®Pr = 11^^ =^^S0^| = ^X^0W^(aZ^)A^, (1.19) 
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( 1 . 20 ) 


PL = Y^pi®pl = Y^^^s qi = Y,qi®ql = Yj^{x^)^^®^^- 


For all h H, we then have 

52A(/ji);?r[1(8)S(/z2)] =;?r[/i(8)1], Y,[l0S^\h2)]qRAihi) = {h<^l)qR, (1.21) 

J^A{h2)pL[S^\hi)i^l]= PL{l(Sih), ^[^(/Ji)® 1 ]^lA(/j2) = (1i8)/j)^l, (1.22) 

and 

^A(^^)pr[ 1®%|)] = 1® 1, ^[l®S^^(;7|)]^i?A(p^) = 1® 1, (1.23) 

Y}S{pl)®\]qLA{pl) = \®\, ^A(^i)pz.[A-^(^i)® 1] = 1® 1, (1.24) 

(^i?® l)(A®/d)(^R)<I>^^ 

= YS^®S-\X^)®S-\X^)][\®S-\f)®S-\f)\{id®A){qRA{X^)), (1.25) 

<I>(A ® id){pR){pR ® id) 

= ^(/fif®A)(A(.r^);7R)(l®/“^)(l®A(.r^)®A(.r^)), (1.26) 

where / = ®/^ is the twist defined in (|1.15| ). 


The smash product 

Suppose that (//, A, s, <I>) is a quasi-bialgebra. If 17, F, VF are left (right) //-modules, define auy,w, Oj/.v.w : 
(// ® F) ® IF ^ // ® (F ® W) by 

«c/,v,iv((m®v) ®w) = <J>- (m® (v®w)), 
ac/y,iv((M®v) ®>v) = (u® (v®w)) 

Then the category //tW {iMn) of left (right) //-modules becomes a monoidal category (see [Hi, [Ol for 
the terminology) with tensor product ® given via A, associativity constraints ac/,v,iv (ac/.v.w)^ unit A: as a 
trivial //-module and the usual left and right unit constraints. 

Now, let H be a quasi-bialgebra. We say that a A:-vector space A is a left //-module algebra if it is an 
algebra in the monoidal category //fW, that is A has a multiplication and a usual unit 1^ satisfying the 
following conditions: 

{aa)a'' = ■ a)[{X^ ■ a ){X^ ■ a')], (1.27) 

h-(aa') =^{h\ ■ a){h 2 ■ a'), (1.28) 

h-lA=eih)lA (1.29) 

for all a,a',a" G A and h £ H, where /i ® a —> /z • a is the //-module structure of A. Following we 
define the smash product A#// as follows: as a vector space A#H is A ®// (a ®/j viewed as an element 
of A#H will be written a#h) with multiplication given by 

{a#h){a'#h') = ^{x^ ■a){x^h\ ■ d)#x^h 2 h', (1.30) 

for all a, a' € A, h,h' € H. A#H is an associative algebra and it is defined by a universal property (as 
Heyneman and Sweedler did for Hopf algebras, see 0). It is easy to see that // is a subalgebra of A#// 
via h 1 -^ l#h, A is a A:-subspace of A#// via a i—> a#l and the following relations hold: 

{a#h){Wh') = a#hh', {\#h){a#h') =^hi-a#h 2 h', (1-31) 
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for all a ^ A, h,h' ^ H. 

For further use we need also the notion of right //-module coalgebra. Suppose that // is a quasi-bialgebra. 
Since the category of right //-modules is a monoidal category we can define coalgebras in this category. 
So, we say that a ^-linear space C is a right //-module coalgebra if C is a coalgebra in the monoidal cate¬ 
gory Mh, that is, if C is a right //-module (denote by c-h the action of h on c) and has a comultiplication 
A : C ^C®C and a usual counit e: C k satisfying the following relations 

{A^idc){A{c))^-^ = {idc^A){A{c)) VcGC, (1.32) 

A{c-h) =^ci-hi<SiC 2 -h 2 y c & C, h ^ H, (1.33) 

s(c• h) = E(c)E(h) VcGC,hGH (1.34) 

where we use the Sweedler-type notation 

A(c) = cj_ig)C2, (Ai^idc)(A(c)) = XI ^(Li) etc. 


2 The quasi-smash product 


Recall from |12] the notion of comodule algebra over a quasi-bialgebra. 


Definition 2.1 Let H be a quasi-bialgebra. A unital associative algebra 21 is called a right H-comodule 
algebra if there exist an algebra morphism p : 21 —> 21 ( 8 ) // and an invertible element <I>p G 21 (8 // <8 // 
such that 


<I>p(p®/<i)(p(a)) = (/<i(8)A)(p(o))<I>p V a G 21, (2.1) 

(l2i<8‘I’)(f^f <8 A(8/</)(<I>p)(<I>p (8) Ih) = {idi^idi^A){(bp){pi^id<S’id){^p), (2.2) 
(id^E) op = id, (2.3) 

(^^/®S(8)^<i)(<I>p) = (/</(8)/<i(8e)(<I>p) = Ist® Ih- (2.4) 


Similarly, a unital associative algebra 03 is called a left H-comodule algebra if there exist an algebra 
morphism —> // (8> 03 and an invertible element <I>x G // (8// ® ® such that the following relations 

hold 


{id®X){X{b))^x = ^x{^<S)id){X{b)) V b G 03, (2.5) 

(l//(8<I’?L)(/r/(8A®/d)(<J>x)(<I>i8 1®) = {id®id®'k){^x){A®id®id){^x)^ (2-6) 

{E®id)oX = id, (2.7) 

{id®E®id){^x) = {E®id®id){^x) = \h® 1 ®- ( 2 . 8 ) 


When // is a quasi-bialgebra, particular examples of left and right //-comodule algebras are given by 
21 = 03 = // and p = X = A, <I>p = <I>jl = <I>. 

For a right //-comodule algebra (21, p, <I>p) we will denote 

P(a) =La<o>< 8 a<i>, (p 8 )/<i)(p(a)) =Xci<o,o>< 8 a<o,i> 8 )o<i> etc. 

for any a G 21. Similarly, for a left //-comodule algebra (03,/.,<1 >jl), if b G 03 then we will denote 

® ^[ 0 ,- 1 ] ® ^[ 0 , 0 ] etc. 
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In analogy with the notation of the reassoeiator <I> of H, we will write 


= etc. 

and its inverse by 

‘J’p ‘ = L4 <^-^p <^-^P = L^P ®:Vp <^^P = etc. 

Similarly for the element <I>;^ of a left //-comodule algebra *B. If there is no danger of confusion we 
will omit the subscription p or X for the tensor components of the elements Op, or for the tensor 
components of the elements Op \ 

Suppose now that H is finite dimensional and 21 is a right //-comodule algebra. In the Hopf case, we have 
that 21 is a left //*-module algebra so we can consider Ihe smash producl 21#//*. We will see lhal a similar 
resull holds in Ihe quasi-Hopf case. Since Ihe resulting objecl of 21 and H* is an algebra in Ihe monoidal 
category (i.e. an //-module algebra) we will call il Ihe quasi-smash producl belween 21 and H*. As 
expected, when // is a bialgebra Ihe Iwo conslruclions, Ihe smash producl and Ihe quasi-smash producl, 
coincide. 

Lei be a basis of H, and the corresponding dual basis of H*. H* is a coassociative 

coalgebra, with comultiplication 

n 

A((p)=^(pi®(p2= Y, 

<j=i 


or, equivalently, 

A((p) = ^(pi(8)(p2 (f{hh')=Y'?iih)f?2ih’), \/h,ti &H. 

H* is also an (//,//)-bimodule, by 

<h^(^,h' >= tp(/i'/i), h,h' >= (^{hh'). 

The convolution < (p\|/,/i >= I^tp(/ji)\|/(/i 2 ), h £ H, is a multiplication on //*; it is not associative, but 
only quasi-associative: 

[w]^ = L(^^ V(P,\^,^G//*. (2.9) 

In addition, for aWh £ H and (p,\|/ G //* we have that 

((p\|/) =^(/ii ^(p)(/i 2 ^\|/) and ((p\|/) ^/i = ^((p^/ii)(\|/^/i 2 ). (2.10) 

In other words, H* is an algebra in the monoidal category of (//,//)-bimodules h^h- 

Now, if (21, p, *Tp) is a right //-comodule algebra we define a multiplication on 21 (8) //* as follows 

(a#(p)(a'#*T) = ^aa<o>-^^ # (9 ^ Va,a'G 21 and (p,*T G//* (2.11) 

where we write a # tp for a(8)tp, p(a) = a<o> iX) a<i>, and <I>p ' = We denote this structure 

on 21(8)//* by 21#//*. 

Proposition 2.2 Let H be a finite dimensional quasi-bialgebra and (2l,p,<I>p) be a right H-comodule 
algebra. Then 21 # H* is a H-module algebra with unit and with the left H-action given by 

/i-(a#(p) = a#/i ^ (p, V/i G//, a G 21, anr/tp G//*. (2.12) 
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Proof. Since H* is a left //-module via the action it is easy to see that 21 # //* is a left //-module via 
the action ( 2.12 ). Now, we will prove that 21#//* is an algebra in with unit l 2 i#s. Indeed, for all 
a, a', a" G 21 and cp,tj/,x G H* 


■x)] 


[X' • (a#(p)]{[x2 ■ (a" #x)]} 

= £(a#x' - (p)[a'a"o>^i # - v)/ - - x ^ 

= Lcia<o>a<o,o>^<o>3'^#(^'^‘P^a<i>a"o,i>^<i>J^) 
[(X 2 . 




•‘<i> 


x^yi){X^ ^X^x^yl)] 


©HD = Laa<0>a<0,0>-^^3^^ # [(^P ^ ^ a<i>^^J2)] 

(X^3^^) 


(l 2 l|j 2 lOD 


Laa<o>^'a"o>3^' # {[(tp ^ ^ 

£[aa<o>^^ #((P^ a<i>^2)(\|/^^^)](a"#x) 

[(a#(p)(a'#\^)](a"#x). 


It is not hard to see that l 2 i#E is the unit of 21#//* and that h ■ (l 2 (#s) = s(/j)Ia#£ for all h ^ H. 
Finally, for all # G //, a, a' G 21 and tp,\j/ G //*, we calculate: 


Y,[hi • (a#(p)][/j 2 - (a'#¥)] =^(a#/ji ^(p)(a '##2 ^ V) 
= # (#1 ^ tp ^ a<i >^^)(#2 ^ tp ^ 

(CT) = £aa<o>^^#/j^ 

( CT ) = #'[(a#(p)(a'#\p)]. 


□ 


(//,A,<I>) is a right //-comodule algebra, so it makes sense to consider the quasi-smash product //#//*. 
In this case where // is a Hopf algebra, H#H* is called the Heisenberg double of H, and we will keep 
the same terminology for quasi-Hopf algebras. ^ (//) =//#//* is not an associative algebra but it is an 
algebra in the monoidal category ■ If // is a finite dimensional Hopf algebra then:?/(//) is isomorphic 
to the algebra Endk(H). In order to prove a similar result for a finite dimensional quasi-Hopf algebra, we 
first have to deform the algebra structure of Endk(H). 


Proposition 2.3 Let H be a finite dimensional quasi-Hopf algebra. Define 

p - //#//* ^Endk(H), q(h#(p)(h')=£(p(h^p^)hh;pi 


for allh,h' G // and tp G //*, where Pl = Y,p\® Pi A the element defined by ( 1.2(f }. Then p is a bijection, 
and therefore there exists a unique H-module algebra structure on Endk(H) such that p becomes an 
H-module algebra isomorphism. The multiplication, the unit and the H-module structure o/Endk(H) 
are given by 


{uov){h) = Y,u{v{hx^X^)S-\S{x^X^)ax^X^))S-\X^) 
lEndk(H) = 5'^UP) ^ ; {h-u){h') =u{h'h 2 )S^^{hi) 


for all M, V G Endk(H) and h,h' G H. 


(2.13) 

(2.14) 

















Proof. Let be a basis of H and ’^be corresponding dual basis of H*. We claim that the 

inverse of ^ is : Endk(H) ^ H # H* given by 


A' \u) = Y,u{ql{ei)2)S \qi{ei)\)#e' 


for all u G Endji(H), where qi = ® ’^be element defined by ( 1.20 ). Indeed, for any h and 

tp G //* we have: 


i=l 

!=1 


o 


(|OD 


!=1 

n 

^ (^{ei)h # e' = /z # tp 
1=1 


and, in a similar way, for u G Endk(H) and h £ H v/e have that 


{pop ^){u){h) = Y^p{u{ql{ei)2)S \ql{ei)i) #e'){h) 

i=\ 


(B) 

dUl) 


Y^e\h2pi)u{ql{ei)2)S \qi{ei)i)hipi 

1=1 

Y^u{qlh(2,2) {PL)2)S^\q\hi2,\) {pl)l)h\p[ 
Y,^{hql{pl)2)S-\qi{pl)\)pi 
u{h)\H = u{h). 


Using the bijection p, we transport the //-module algebra structure from H # H* to Endk(H). Eirst we 
compute the transported multiplication o: for all m,v G Endk(H), we find 


MOV 


CT 


Y^p{p-\u)p~\v)) 

£M(M(^i(e02)s-u-?i(uOi)#^0(v(Gi(e/)2)5-Uel(e,Oi)#^^')) 

U =1 


p{u{ql{ei)2)S '(<?i(U')i)[v(<2i(e;)2)5 Uei(^'i)i)]u^ 

f,/=i 

#(U-[v((2 i(e,-)2)S-i(<2l(e,-)i)]2x2)(e^'-^')) 


where Y.Ql®Q\ is another copy of q^. Note that ( |L3| ) and ( |1.20| ) imply that 

Y s )^i-^i ® ^i-^2 ® = 


(2.15) 


Hence, for all /i G // we have that 


{uov){h) Q) Y <e\v{Ql{ej) 2 )S ^{Ql{ej)i)hi><e\{ei) 2 X^{pl)x> 

< efh2x\pl)2 > u{ql{ei)2)S-\ql{ei)i){ei)iX^pl 


9 











(HH) 


(101,(12151) 


(O) 

O 


Y, <(^’MQLh{2.2)4iPL){2,2))S \Qlh(2,l)4ipl)(2,l))hl> 

i,/=l 

<e',{ei)2X^{pl)i > u{ql{ei)2)S-^{ql{ei)i){ei)ix^pl 

L < e\v{hQlxl{pl)(^2,2))S^HQL4iPL)(2,1)) > u{ql{ei)(2,2){x^{pl)i)2) 

/=i 

S^\4L4i)(2,i){x^ipi)i)i){ei)ix^pi 

X < ^^^(^2l(^l)( 2,2)^2 ((/^i)2)2)5' H2L(^i)(2.1)^l^((/^i)2)l) > 

/=1 

£«(v(/jGi[^i(;.i)2](2,2)^l)*5^'(ei([^i(;^i)2](2,i)^i')[^i(;^i)2]i2f') 

S^K‘lLiPL)lX^)PL 

l^u{v{hQlxi)S~^{QlX^)X^)S-\X^) 

Y^u{v{hx^X^)S-\S{x^X^)ax^Xf))S-\X^). 


Thus, we have obtained ( [2.13| ). Similar computations show that the tranported unit and the //-action on 
Endk(H) are given by (2.14). □ 


Remarks 2.4 Let // be a finite dimensional quasi-Hopf algebra, a basis of H and {e‘}j^Y^ the 

corresponding dual basis of H*. 

1) The bijection p defined in Proposition induces an associative algebra structure on the ^-vector space 
//0//*: it suffices to transport the composition on Endk(H) to //(g)//*. If // is a Hopf algebra, then 
we find the smash product, and the corresponding category of left or right representations is equivalent 
to a certain category of Hopf modules . This could open the door to defining the category of Hopf 
modules over a quasi-Hopf algebra. Unfortunately, the involved structures are not easy to describe, 
except in the situations where // is a twisted Hopf algebra. A possible way to define will be 
presented in the next Section. 

2) Let (21, p, <I>p) be a right //-comodule algebra. As in the Hopf case, it is possible to associate different 
(quasi)smash products to 2t. Observe first that the map V : 21 # //* —> Homk(H, 21) given by v(a # (p) (/z) = 
(p(/z) a, for all a G 2t, (p G H* and /j G //, is a /c-linear isomorphism. The inverse of v is given by the formula 

n 

(w) = ^ w{ei) # e' 

i=l 


for w G Homk(H,2l). Secondly, by transporting the quasi-smash algebra structure from 21#//* to 
Homk(H,2l) via the isomorphism v, we obtain that Homk(H,2l) is an //-module algebra. So, if H 
is an arbitrary quasi-Hopf algebra and (21, p,<I>p) is a right //-comodule algebra, then we can define the 
quasi-smash product # (//,2t) as follows: # (//,2t) is the ^-vector space Homk{H,%) with multiplica¬ 
tion given by 

{v*w){h) = ^v(w(x^/i 2 )<i>x^/Ji)w(x^/j 2 )<o>x' (2.16) 

for v,>v G # (//,2l) and h £ H. The unit is 1 5 (h) = e{h)l^ and the //-module structure is given 

by {h ■ v){h') = v{h'h), /i,#' G //, v G Homk(H,2l). Of course, if H is finite dimensional then 21 #//* ~ 
# (//, 2 l) as //-module algebras. 
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3 Two-sided Hopf modules and relative Hopf modules 


We cannot define comodules over a quasi-bialgebra H, because a quasi-bialgebra is not coassociative. 
Also the definition of Hopf modules is quite complicated. A possible approach is the following: assume 
that we can deform the comultiplication on H in such a way that H with this new comultiplication 
(denoted H) becomes a coalgebra in the monoidal category !Mh, and define M// as the category of right 
[//,//]-Hopf modules, as introduced in |^]. More precisely, a right //-Hopf module is a right //-module 
which is also a right //-comodule in the monoidal category Mh (for more detail, see Section This 
machinere works if // is a twisted bialgebra. Indeed, if H is an ordinary bialgebra, and F is a 

twist, then Flp is a quasi-bialgebra with counit £ and comultiplication given by ( |1.8| ). If we define on Flp 
a new comultiplication given by 

®h2g'^ 

for all h ^ H, where = L (r ^ ® we denote Hp with this new comultiplication by Hp, then it 

is not hard to see that Hp is a coalgebra in the monoidal category Therefore, by a right //^-Hopf 
module, we mean a k-vector space M, which is a right //-module (the right //-action ofh£Honm^M 
is denoted by mh), together with a k-linear map Pm : M ^ M such that the following relations hold, 
for all m e M and h £H: 


{pM^idH){pM{m)){F^lH) = (/r/M® A)(pmMF), 
(/JM®e)(PM('«)) = m, 

PMimh)F = pMim)FA{h). 


We can conclude that categories of Hopf modules over quasi-Hopf algebras can be defined using (co)algebras 
and (co)modules in monoidal categories. This point of view was used in [^, [0] and |[T^ in order to 
define the categories of relative Hopf modules, quasi-Hopf bimodules and two-sided two-cosided Hopf 
modules. In the sequel, we will study all these categories in a more general context. 


Definition 3.1 Let H be a quasi-Hopf algebra and (21, p,<I>p) a right H-comodule algebra. A two-sided 
{^,H)-Hopf module is an {'Ql,H)-biniodule M together with a k-linear map 

Pm-M—^Mi^H, pM(m) 

satisfying the following relations, for all m ^ M, h ^ H and a G 2t. The actions ofh&H and a G 21 on 


m GM are denoted by hy m amd m y a. 

{idM opM = idM, (3.1) 

^■{pM®idH){PM{m)) = (jWm® A)(pM(m)) •<I>p, (3.2) 

Pm(/z ^ m) = ^ m(o) (3.3) 

Pm(wi a o) = X'”(o) ^ a<o><8'«^(i)Ci<i>- (3.4) 


The category of two-sided (2t,//)-Hopf modules and left //-linear, right 2t-linear and right //-colinear 
maps is denoted by hA{^. 

Observe that the category of two-sided (//,//)-Hopf bimodules is nothing else then the category of right 
quasi-Hopf //-bimodules introduced in [Q. 

We will use the following notation, similar to the notation for the comultiplication on a quasi-bialgebra: 

{pM'^idH){PMim)) = X]m(o,o) <X)'W(o,i) (X)m(i), 

(/Jm® A//)(pM(m)) = ^m(o) 
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Examples 3.2 Let // be a quasi-Hopf algebra and (21, p, <I>p) a right //-comodule algebra. 


1) “L = 2t(8)//€ The structure maps are 


h'^ {a®h') = a®hh' ; (a0/z)-< a'= 2^aa<o> ® 


and 


p,p (o 0 /j) = ^ 0 h\X^ 0 h2X^ 

for all h,h' G // and a, a' G 21. We leave verification of the detail to the reader. 


2) u = //021 G Now the structure maps are given by the following formulas, for all h,h' G // 

and a, a' G 2t: 

h>- {h' ® a) =hh' ® a ; (/j 0 a) 0 a' = /j 0 aa' 


and 

Here qi 


Pu{h<^a)='£hS-^{qlxlg^)(^x\^0>(^h2S-\qixlg^)x\^,^. (3.5) 

qj^ and / ' = 0g^ are the elements defined by fhe formulas (|1.20|) and (|1.16|). 


Now consider 'U ^ u given by 

e(a ®h) = Y^hS-^ (a<i>Pp) 0 a<o>Pp 

for all /j G // and a G 21, where we use fhe nofafion 


Pp ~ ® Pp ~ 0.r^pS(^^) G 2f 0//. 

9 is bijecfive; ifs inverse 9^^ : “U —> “L is defined as follows 

9^^(/i0a) = 52^pa<o>0/z^pa<i> 


(3.6) 


wifh fhe nofafion 




(3.7) 


Furfhermore, 9 is a morphism of fwo-sided (21,//)-Hopf bimodules, and we conclude fhaf u = H 
and 210//=!^ are isomorphic in 


a ■ 


To prove fhis, we proceed as follows. Firsf, by [ |12| , Lemma 9.1], we have fhe following relations, for all 
aG 2 l: 


X^p(a<o>)Fp[la®‘5(a<i>)] =Fp[ci«'l//], (3.8) 

52[la0 W'(a<i>)]9pP(a<o>) = [o0 l//]^p, (3.9) 

LP(^p)^p[^2i05(^p)] = la0 1//, (3.10) 

^[la0 Wi(Fp)]9pP(Fp) = la® 1//, (3.11) 

<I>p(p0/<i//)(pp)pp = 52(/(70A)(p(^^)pp)(l2i0g^5(x^)0g^S(x^)), (3.12) 


(^p0l//)(p0/^///)(9p)‘I>p^=L[la®5-i(/^^)®‘5~H/^^)](^^a®A)(^pP(X^)). (3.13) 


Here / = 0/^ is fhe elemenf defined in ( L15| ) and / ^ 0g^- Using ( ^ - 3.11 ) we can show 

easily fhaf 9 and 9^* are inverses, and fhaf U is an (//,21)-bimodule via fhe actions 0 and 0. We will 
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finally compute the right //-coaction on ll transported from the coaction on ^ using 9, and then see that 
it coincides with (^7^. First observe that ( ^J2.2[ ) and ( |2.4| ) imply 

®^<0>Fp (3-14) 


where Pl = Y.Pl®Pl element defined in (1.20). Therefore, for all /j G // and a G 21 we have: 


(9 0 /r///) op 


(yj 

(O) 


17221) = 


(3.13) = 


( 2.1 


1 . 22 ) = 


([ 001 , 12 : 21 ) = 


(U,| 2 j) = 


(HO = 


(|l^,| 2 j) 

(PirooD 


^ oQ \h'S>a) 

I(e 0 Mh ) (^p 0<o>i? ' 0 /ll (^p ) 1 0< 1 > 0 /l2 (^p )2 0< 1 

/j 1 (^p) 1 a< 1 > 1 ((^p) < 1 > a< 0,1 >x < 1 >Pp) 0 (^p) <o> a<o.o>X < 0 >Fp 

0/Z2(^p)2O<l>2l^ 

5^ /z 1 (^p) 1 a< 1 > ^ ((^p) < 1 > a<o, i >.^^) 0 (^p) <o> a<o,o>^^ 

0/Z2(^p)2O<l>2^2Fi 

52^l(^p)l^ia<l>(2.i)FL‘5^'((^p)<l>^^a<i>j)0(^l)<O>^'o<o> 

0/Z2(^^)2X^O<i>p2)Pi 

52/ll (^2) ix\p[s -' ((^P)< 1 >-^^) ® (^p) <o>.^^ a<0> 0 h2{fp)2X2Pla< i> 

52/2i5^U3^V)?p(ep)<i>z^(j<i>-«^)iFl‘5^U(^p(2p)<o>2^J<o>)<i>-^) 

® (^p (2p) <0>z^y <o>) < 0 >.^' a< 0 > 0 /i25^ ' {fg^) 2pZ^ (y < i ) 2 pia< i > 

52/2i>5^U3'V)^p(<2p)<i>z^-^?J<i>pj)Fl>5^U(?p(2p)<o>)<i>2<i>-^^J<i>i) 

(^{^l{Ql)<o>)<o>z<o>^^y<o>^<o>®h2S-\fg^)Qlz^4y<l>^2,2)Pl^<^> 

Y,f^iS-\fg^)fp{Ql)<i>Z^xlplS-'^{{ql{Ql,)<o>)<i>Z<i>x^) 

<0>)<0>.?<0>-^'3'<0>*^<0> 0/22*^ U3'^§')2p2^-^2Fi3'<i>ti<i> 

Y.hiS^Hfg^)fpiQl)<i>x^zlS-\iql{Ql)<o>)<i>x'^fi) 

® (^P (2p) <o>) <0>.^' Z^y <o> a<0> (8) /225^' {fg^) 2pZ^y < 1 > a< 1 > 
52/2i>5^U3^V)^p-^^(<2p)<i>2‘^^H(^p)<i>-^^(2p)<i>iP) 

<8>(^p)<o>-^^ (<2p)<o>J< 0 > a< 0 > ® h 2 S- 1 (y^g')( 2 py<i> a<i> 

52 /J1' (y^g^)^2S-1 ((^p) < 1 >Fp) ® (^p)<0>FpGpJ<0> a<o> 

0/12^^' (y^g^) Qlf^ 1 > a< 1 > 

52 /i 1 5-1 (y^^^X^g^) 0 y'X' a<o> 0 / 12 S-' (ay^x^X^g' )y?xix^ a< 1 > 

'£hS-\qlxlg^)^x\^0>®h2S-\qix\g^)x\^r^ 

Pa(/i0a) 


as needed. 


The aim of this Section is to prove that, over a finite dimensional quasi-Hopf algebra H, the category 
is isomorphic to a certain category of relative Hopf modules defined in [^. Let H be a finite 
dimensional quasi-bialgebra and A a left //-module algebra. Recall that a /:-vector space M is called a 
right (//*,A)-Hopf module if M is a right //*-comodule and a right A-module in the monoidal category 
of right //*-comodules ?t/^ . In terms of H this means: 

- M is a left //-module; denote the action of /i G // on ni G M by /i • ni; 
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- A acts on M from the right; denote the action ofaGAonmGMbym*a; 

- for all m £M,h & H and a, a' G A, we have 

m» Ia = m, 

{m»a)»a = •m)» [(X^ •a)(X^ '^0]) 

h»{m»a) = ^^{h\ •m) • (/j 2 - a). 


(3.15) 

(3.16) 


will be the category of right (//*,A)-Hopf modules and A-linear //*-colinear maps. 
Before we can establish the claimed isomorphism of categories, we need a few Lemmas. 


Lemma 3.3 Let H be a finite dimensional quasi-Hopf algebra and (21, p,<I>p) a right H-comodule alge¬ 
bra. We have a functor 


F : 


H 






w_ 

21# H*' 


For M G F{M) = M, with structure maps 

- M is a left FI-module via h»m = S^{h) ^ m, m^M, h ^ H; 


- 21 # H* acts on M from the right by 


m*(a#(p) =^(p5 '(5([/^)/m(i)a<i>p2)s(J72)yi y rn(^.^ A a<o>Pp 

where we denote 

[/ = 0[/2 = £g'S(4) ). 


(3.17) 

(3.18) 


Proof The most difficult par of the proof is to show that F (M) satisfies fhe relafions (3.15) and (3.16). If 

is fhen sfraighfforward fo show fhaf a map in is also a map , and fhaf F is a functor. 

21# H* 


By 114, Lemma 3.13] we have, for all h &H: 


[/[l0S(/j)] =XA(S(/ji))f/(/j2®l), (3.19) 

<I>^i(/r/«)A)([/)(l«)f/) = (A®/r/)(A(S(Xi))f/)(x2®x30l). (3.20) 

Write f = '£f(g)f = J:F^ (g)F2, /-I = ^ ^ j^pi and (7 = If/i ® [/2 = 

® U^. For all m G M, a, a' G 21, and tp,\j/ G H*, we compute fhaf 


(X^ •m 


(OID 


(P1|,[^J2A|) 


).{[x2.(a#(p)][x3.(a'#Y)]} 

= £(52(Xi) ^m).[(a#x2^(p)(a'#x3^\p)] 

= ^(S^(X^) y m)» [aa<o>x^ # (X^ ^ cp ^ a<i>.r^)(X^ ^ ip ^ x^)] 
= £ < (X2 - (p - a'<i>x2)(x3 - vp -x3),S-H5([/i)/V(Xi)2m(i) 
(aa<o>^^)<i>Pp) > S{U^)fS^{X^)i y m(o) A (aa<o>-^^)<o>Pp 
= £ < (p,5-i(7^'5(f/i)25(5(Xi)i)2/|m(i),a<i>,a'<o,i>,4i>,(p2)2 
/S(a'<i>x2))x2 X ^p,S-i(7^'‘5(^')i‘5(‘5(^')i)i/?«^(i),a<i>. 
a<o,i>i4i>,(Fp)i,?'‘5(^^))7f^ > 

S{S{X^)2U^)f ym^o) -< a<o>a<o,o>'*<o>Fp 
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(13.201,13.81) 


([ 0 |,CTJ 21 |) 


(ini|,[rn) 

(OID 


S{S{X^)2U^)f y m(o) ^ a<o>X^(a'<o,o>4)<o>^p 

Y,(?S-\S{x^U^)F^f2m^i)^a<i>^X^pl) 

S{x^U2U^)f ^m(o) ^ o<o>x'(^io')<o>^p 
Y,^S-\S{U^)F\r)a<i>pl)^S-\S{ufV^)fFjm^o,i)a<o,i> 

{pla')<i>P^)S{U^U^)fF^^ ^?W(o,o) ^ a<o.o>(^paO<o>^p 
£cpS-i(5([/')F2m(i)a<i>/)2)(s([/2)f Vm(o) ^ a<o>pi).(a'#^^) 
[m» (a#cp)] • (a' #\|/). 


Similar computations show that 


^(/ji •m 


(|1.11|J3.19|) = 


(FTtD = 


)*(/i2-(a#(p)) 

= ^(S^(/zi) ^ m) • (a#/z2 ^ tp) 

= £ < (p,S-'(S(t/')/V(/ii) 2 m(i)a<i>p 2 )/i 2 > 

S(t/ 2 )/is 2 (/ii)i^m(o)^a<o>p^ 

= Y.^S-\S{U^)fm(^i)a<i>pl)S^{h)f F m^o) -< a<o>.Pp 
= /i» [m« (o#(p)]. 


□ 


Let us next discuss the construction in the converse direction. 


Lemma 3.4 Let FI be a finite dimensional quasi-Hopf algebra, (2l,p,<I>p) a right H-comodule algebra 
and M a right H* ,H*)-Hopf module. Then we have a functor 


G: 

a#//* 




For M G > G{M) = M, with structure maps (h ^ H, m ^ M, a G 2lj.' 


- hym = {h) • m; 

- mya = m» (a#s); 

- Pm : M —t M®H is given by 


PmW = £[S \V^g'^)»m]»{ql#S \V^g^) ^ e’S ^ ql)<S)ei (3.21) 

i— 1 

where {c,};^Y7i W}i=Tn bases and 


V = Y.V^®V^ = Y.S-\fpl)®S-\fp],). (3.22) 
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Proof. As in the previous part, the main thing to show is that G{M) is an object of It is then 

straightforward to show that G behaves well on the level of the morphisms (G is the identity on the 
morphisms). 

From the fact that is an algebra map, it follows that M is a left //-module via the action h)^ m = 
S^^Qi) •m. Take the map 

/: 21^21#//*, i{a) = a#e 


for all Cl ^ 21. d'hen i is injective map, — loi n * and z^cm j — z^cijz^ci j, for all n, ci ^ 21. 'therefore, 

21 Tr 

M becomes a right 21-module by setting zn ^ a = zn • z(a) = zn • (a # s), zn G M, a € 21. Moreover, it is not 
hard to see that, with this structure, M is an (//,21)-bimodule. In order to check the relations (3.T3.3) 
we need some formulas due to Hausser and Nill [O, Lemma 3.13], namely 


[1 ® 5-1 {h)]V = £(/z2 0 l)VA{S-\hi)), (3.23) 

(A0zc/)(F)<J>- (g)A3 0l)(l0l/)(zc/®A)(FA(5-'(X^))). (3.24) 


Also, it is clear that 


^ h)S = S-\h) ^ (!;>S ; (/z ^ (p)S = (p5 ^ S-'(/z) 
for all /z G // and tp G //*. Using ( l.llD , it follows that 

((pS)(tpS) =^[(g^ 

for all tp, V|/ G //*. Now, for any /z G // and zn G M we compute that 

= L V) •m)* (qp # S^' {V^g^ )^e'S^ q^)] ® /z2e; 


(3.25) 


(3.26) 


i=\ 






1=1 


{ql#S-^{hi)2S-\V^g^) ^ (U ^ h2)S ^ ql)®ei 




(|1.11|J3.25|) = Y.\.S-\V^S-\h)2g- 


*m\ 


i=\ 


•{ql#S ^{h2V^S ^{hi)ig^)^e'S^ql)®ei 

(ra = f^[S-\v\^)S-\h).m\.{ql§S-\v\^)^e'S^ql)®ei 


i=\ 


= Pm{S {h)»m) = pM{hym), 


and similarly, for any m & M and a G 21 

^znjo} A a<o> ®zn{i}a<i> 

= L• (^p # fp)] • (a<o> #e) (g)f’za<i> 
«=1 


n 




(|4l,[24l|) = £(5-i(I^V) 

Z =1 

•(^pa<o,o>#>5^^(I^^g^) ^ (a<i> ^^’')>5^^pa<o,i>)' 


16 




















/=i 


(|2-11|J3.1^ ) = £p-i(vV)*»^)*(a#s)]*(^J#5-i(^V)^^’'5 


i=l 


( I3-16D = pM(m«(a#s)) = pM(m-<a) 

so the relations ( ^ ) hold. ( p| ) is obviously satisfied, thus remain to check (3.2) for our structures. 
For this we denote / = (g)/^, ® = L^p ® = L2p ® 2p and 

v = iFi 0 y 2 ^i:vi (g) V^. For all m G M we compute that 


X' m{o,o} 0 X^m{o,i} 0 X^m{i} 

S,[3jl) = 


£{5-2(x1)iS-1(V^g2) 

r;=l 

.[(5-1 (F V) V') ^ ^'5 - fp)]} 


>{Ql#S-\X%S-^ (V'G') ^ ^ Qj) ®X^ej ®X^ei 


S) = 


£ {5-1 (x 1)2G2) . [(5-1 (F V) • # 5-1 (Figi) 


G=i 


(^' -X- 1 )S - . (Qi #s-i(Vi5-i(Xi)iGi) 

{e^ ^X^)S^Ql)®ej 


► m 


jvy^i 

(inniss = i{[5''(^'v2s-i(xi)(2,2)Gig2), 

i.j=l 

.(^i#s-i(xViv?s-i(xi)(2,i)G?gi)-e's-^2)} 

.(Qi #5-i(xV5-i(xi)iGi)^e^5^(2^)®f’j®e,- 

(I3-24I3.15I) = £ {X^S-^{Vh^Glg^)»m) • [{qj, #X^S-\V^x^gW) ^ e‘S 

r;=l 

- ,?2) (gl ^ x^^-l (F/^lG1 ) - - e^)] ® ey ® e/ 


(lOI,^) = 


(|1 -111 12. Ill ) = 


I (5-1 (fV 

G=i 

((2i#5-i(F/giGi)-e^S-(2^)]0^’ 


)*m)*[(^i#5 i(F2ig^G^) 
i(F/gi^F /o 2 

Gt/ 2„2 


p;j y^^jyyc-, 


X (5-1(fV) • [^^(!2^)<o>xi # (^s-\V^g^),S-\G^) - ^>'5 


G=i 


-?^(<2^)<i>5")(5-i(Figi)25-i(Gi)-e^S-(22x^)]0ey®^’/ 


2^3^ 


(P- 131 , 12.iq) = ^ [5-i(FV)*/«]*{^^l?<o>#5-i(FV)-[(S-i(G2)-e'S 

G=i 

-5-i(/x'))(5-i(Gi)-el5-5-i(/ix2))]-^2^^i>}®r>y( 


(pi|,[3:2^) = 


'2 


£ [5-i(FV)*»i]*{[^J#5-i(Figi) - (/^X 
G=i 

^ Gi)5^(7p](xi #s)}ig)ey(g)e, 


G^)S 


{fX^ 
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0,(3^) = l^[{S-\V^g- 

ij=l 


. (^1 #5-i(V'gi) - {e^e‘)S - f^)] 
{X'#e)<S)ejX^0eiX^ 


( |3.21| ) = ^m{o} (g)m{i}jX^(g)m/n,X^ 


'{l} 2 ^ 


and this finishes the proof. 

We are now able to prove the main result of this Section, generalizing 0 Proposition 2.3]. 


□ 


Theorem 3.5 Let H be a finite dimensional quasi-Hopf algebra and (21, p,<I>p) a right H-comodule 
algebra. Then the category of two-sided {H,%)-Hopf modules i^ isomorphic to the category of 

right (//*, 21 # //*) -Hopf modules 


Proof We have to show that the functors F and G from Lemmas and |3.4| are inverses. 

First, let M G h^%- The structures on G{F{M)) (using first Lemma p3| and then Lemma 3.4 ) are 
denoted by and p’j^. For any m ^ M,h ^ H and o G 21 we have that 

hy' m = S^^{h) •m = S^{S~^{h)) m = h y m 
m~<'a = m» (a #£)=m~<a 

because ^s(t7^)t7^ = L£(/^)/^ = 1 and L£(ni(i))”^( 0 ) = L£(n<i>)a<o> = n- In order to prove that 

P'm — Pm> observe first that Lg^S(g^a) = p, where we write 0g^. This equality together with 

( 3.18 ,1-9) and ( 1.18 ) implies 

£gif/2 0gis(g?f/i)=£pi®S(pl) (3.27) 

where Pl = Y.Pl®Pl Ihe element defined by ( |L20D . Secondly, by (/^)P/^ = (a), (|L^ and 

( 1.18 ) we have that 

Y^S{pl)fFl (^S-\F^)S{pl)fF^ = qu (3.28) 

were is another copy of /, and qR is the element defined by ( |L19[ ). Finally, from ( 3.27| , p.2^ 

and ( |L23D , it follows that 

£S(gl[/2)/lF/(p^)i ® Wl(F2p2)gl5(g2[/l)/2^2l(^l )2 = 1^1. 

We now compute for m G M that 

PmH = ^[S^\y'^g^)*m]*{ql#S-\V^g^)^FS^ql)®ei 

i—\ 
n 


(3.29) 


>ei 


= V) ^ m] . (^1 # S-i (F'g' ) - eX - q 

i=l 

(ra = f^<S-\V^g^)^e‘S^fp,S-\SiU^)fS{V^g%m^r){ql)^,^pl)> 

i=l 

S([/2)/1s(fV)i ^»^(0) ^ (^J)<0>4®^’/ 


( CT = l^S{VhlU^)fFm(^o)^idl)<o>pl^V^g'SiVhlU^)f 

fn{i)iql)<i>plS{fp) 

O = £S(F 2 W)/'^'n( 0 )®V'giS(Ffg?f/i)/m(i) 

(P.22| , |L11| ) = Y.^{glU^)fFl{pi),ym^o)(^S-^{F^pl)g^S{glU^)fF^{p],)2m^, 

(|3.29D = ^m(o) ®m(i) = pM(m). 
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and this finishes the proof of the fact that G{F{M)) = M. 


Conversely, take M G . We want to show that F(G(M)) = M. Denote the left //-action and the 

21 #//* 


right 2t-action on F{G{M)) by Using Lemmas ^ and |3.4| , we find, for all # G // and m £M: 

h»'m = S^{h) y m = S^^{S^{h)) •m = h»m. 

The proof of the fact that the right 2t-action • and •' on M coincide is a somewhat more complicated. 
Since O and ( pSl ) imply 




(3.30) 


where qL = Y,qL'^qL is the element defined by ( |1.20| ). Also, by ( [L^ , ( |1.18| ) and using ^5'(g')ag^ = *^(3) 
we can prove the following relation 

l^S{G^)qiGy ®qlGlg^ = Y^S{pl) ® S{p\) (3.31) 

where (8) is another copy of /^'. Now, from ( 3.18[ , |l.li|j3.30| , ^3T| ) and ( 1.23 ) it follows that 
Y^S-\F^flp],)Ulg^®S{U^)fS-\F^flpl)Ulg^ = 101 . 

Therefore, for all m G M, a G 2t and tp G //* we have that 
nf' (a# tp) 


(3.32) 


(H) 

(|3.2iy3.15|j2lTl) 


^tpS \S{U^)fm{^a<i>pl)S{U'^)f A m{o} A a<o>pJ 

f^i^S-\S{U^)feia^,^pl)S-\S{U^)f)*{[S-\vh'^)*rn] 

!=1 

•[^pn<o,o>(^p)<o> ^ e'S ^ ^pa<o,i>(Pp)<i>]} 

£(p(e/)S^^(S(G^)/^) • {[Wi(uV) •'n] • [^pn<o,o>(Pp)<o> 

S{U^)f)S 


i=\ 

#S-'(i^V)^(a<i>p^^e‘S-' 

^^pa<o,i>(Pp)<i>]} 

(lOsllTSira = £w2(s(G2)/i).{[S-i(l/V)«'n] 

.[a#wHs(Gi)/yV)^(p]} 

dM^yj = Yp-\V^S-\S{U^)f)2g^).m\ 

• [a#S-\S{U^)fV^S-\S{U^)fW))^<^] 
(I3.22yi.ll|) = Y}^-\S-\F^flp\)Ulg^).m\ 

*[a#S-\S{U^)fS-\F^flpl)Uh')-^] 

m* (a#(p) 


S) 

and this finishes our proof. 


□ 


If // is a finite dimensional quasi-Hopf algebra and A is a left //-module algebra then the category 
is isomorphic to the category of right modules over the smash product A#// ([||, Proposition 2.7]). Let 
M be a right A#//-module, and denote the right action of a#h G A#// on m G M by m^{a#h). Following 
[|1], M is a right (//*,A)-Hopf module, with structure maps 
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h»m = m^(l#S(h)), m»a = ^m-^[g^S{ql') ■ a#g^S{q]{)] (3.33) 

for all m G M, a G A and h £ H. Conversely, if M is a right (//*,A)-Hopf module then M is a right 
A#//-module, with A#//-action 

m^{a#h) =Y^S-\h)» [(S^' {qlg^) • m) • (5^^ ) • a)]. (3.34) 


Here qj{ = ^ elements defined by (1.19), (1.20) and 

(1.16). Combining this with Theorem 3.5, we obtain the following result. 


Corollary 3.6 Let H be a finite dimensional quasi-Hopf algebra and (21, p,<I>p) a right H-comodule al¬ 
gebra. Then the category isomorphic to the category of right (21 # H*)#H-modules, 

For later use, we describe the isomorphism of Corollary ^ explicitely, leaving verification of the details 
to the reader. 

First take M G following structure maps make M G h^%'- 

hy m = m-*—((I 21 # (h)) 

m ^ a = m^((a#s)#l) 

pM{m) =f^[{ql,# S-^{g^) ^ e'S ^ fp)#S-^{g^)]®ei 
i—l 

for all m £ M, h £ H and a G 21. = L^p ® is the element defined in ( |3.7D , {et} is a basis of H and 

{e'} is the corresponding dual basis of H*. 

Now take M £ Then M is a right (21 # //*)#//-module via the action 

m^[(a#(p)#/j] =^(p5^i(/m(i)a<i>p2)5(/j)/t ^ ^(o) -< a<o>Pp. (3.38) 

In [p^], it is shown that, for a finite dimensional quasi-Hopf algebra H, the category of right quasi-Hopf 
//-bimodules h^h naturally coincides with the category of representations of the two-sided crossed 
product H ><\H* \><H constructed in |[T^. We will show in Section ^ that// xi//* ix // = {H # H*)#H 
as algebras. 


(3.35) 

(3.36) 

(3.37) 


4 Two-sided crossed products are generalized smash products 

Let H be a finite dimensional quasi-bialgebra, and (2t,p,<I>p),(2S,)i,<I>;)^) respectively a right and a left 
//-comodule algebra. As in the case of a Hopf algebra, the right //-coaction (p,<I>p) on 21 induces a left 
//*-action > : //* (g) 21 —> 21 given by 


(p>a = ^(p(a<i>)a<o> (4.1) 

for all tp G //* and a G 21, and where p(a) = J^a<o> 0 a<i> for any a G 21. Similarly, the left //-action 
(/,,<I>;l) on 23 provides a right //*-action < 1 : 23 (g)//* ^ 23 given by 

lx(p = £(p(b[_i])b[o] (4.2) 
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for all cp G //* and b G *B, where we now denote ?i(b) = ^ b[_i] (8) bp] for b G Following 112, Propo¬ 
sition 11.4 (ii)] we can define an algebra structure on the A:-vector space 21(8//* 0 This algebra is 
denoted by 21 Xi pH* ix x® and its multiplication is given by 


(a X tp X b) (a' X \|/ X b') 

= ^a((pi>a')4 (4.3) 

for all a, a' G 21, b, b' G 23, and tp, tp G H*, where we write axtpx bforo®(p8b when viewed as an 
element of 21 X pH* X x®. The unit of the algebra 21 X pH* X ^23 is I 21 X s X I®. Hausser and 
Nill called this algebra the two-sided crossed product. In this Section we will prove that this two-sided 
crossed product algebra is a generalized smash product between the quasi-smash product 21 #//* and *B. 


Proposition 4.1 Let H be a quasi-bialgebra, A a left H-module algebra and *B a left H-comodule alge¬ 
bra. Let A ►< 23 = A ® 23 <35 a k-module, with newly defined multiplication 

(^►<b)(a'^<b') •<3)(x^b[_i| ■a')^<i^b[o]b' (4.4) 

for all a,a' G A and b, b^ G 23. Then A^<*B is an associative algebra with unit Ia^kIib- 
Proof For all a,a\a" G A and b, b', b" G 23 we have: 


[{aP^b){a'xb')]{a"xb") 

= •a)(x^b[_i] •a')^<i^b[o]b'](a"^<b") 




(iJ,[T2D 


£[(y{x' •a)(y^x2b[_i] •a')](y^;r[_i]b[o,_i]b{_,] 

Y^{X^y\x^ •a)[(x2y^^2b[_i| ■a')(3^^J^.^[-i](’[o,-i](’[-i] -a")] 

■a)[{xjfbi^iya){xlfbip_^b[_^ya')]Xx^fbiofl]b[p]b'' 
£(i^ •a){(x^b[_i] • [(yi •a')(j^(’[-i] 

^(^►<b)[(/ ■a){fb[_^ya')xfb[p-^b''] 


= (a^<b)[(a'Kb')(a"Kb")]. 


It follows from ( |2.7[ ), and (1.29) that 1 a ►<1® is the unit for A►<23. 


□ 


Remark 4.2 Let H he a quasi-bialgebra and A a left //-module algebra. Then // is a left //-comodule 
algebra so it make sense to consider Ax^H. It is not hard to see that in this case AxiH is just the 
smash product A#//. For this reason we will call the algebra A^<23 in Proposition ^A] the generalized 
smash product of A and 23. In fact, our terminology is in agreement with the terminology used over Hopf 
algebras, see and |^. 

Let H be a finite dimensional quasi-bialgebra, (21, p,<I>p) a right //-comodule algebra and (23 ,L,<F;l) a 
left //-comodule algebra. Then the quasi-smash product 21 # //* is a left //-module algebra so it makes 
sense to consider the generalized smash product (2l#//*)^<23. The main result of this Section is now 
the following: 


Proposition 4.3 With notation as above, the algebras (2t#//*)^<*B and 21 X pH* X coincide. 
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Proof. Using (p^, ( |2.12D and ( [2.11[ ) we compute that the multiplication on (21#//*)►K® is given by 
[(a # (p) ►< b] [(a'# \|/) ►< b'] 

= L[4 • (a # tp)] ^[-1] • (a' # ¥)] ^<4^[0] 

= Laa<o>4^(4^<P^o<i>;e^)(x^b(_i] ^\p^;e^)^<4t’[o]b' 

(OHl) = ^^p)^<4(^'<’¥2)b' 

for a, a' G 21, b, b' G 23, and tp,V|/ G H*. This is just the multiplication rule on the two-sided crossed 
product 21 XI pH* IX x2S. □ 


Take 23 = // in Proposition |4.3| . From Remark fJ, we obtain: 


Corollary 4.4 Let H be a finite dimensional quasi-bialgebra and (21, p,<I>p) a right H-comodule alge¬ 
bra. Then (21 # //*)#// = 21 X pH* X ^H as algebras. In particular, (// # H*)#H = H X H* X H as 
algebras. 


5 The category of Doi-Hopf modules 


Let // be a Hopf algebra over a field k, A an //-comodule algebra and C an //-module coalgebra. A 
Doi-Hopf module is a k-vector space together with an A-action and a C-coaction satisfying a certain 
compatibility relation. They were introduced independently by Doi 0 and Koppinen [|T^], and it turns 
out that most types of Hopf modules that had been studied before were special cases: Sweedier’s Hopf 
modules [pT|], Doi’s relative Hopf modules ||^, Takeuchi’s relative Hopf modules [^], Yetter-Drinfeld 
modules, graded modules and modules graded by a G-set. 

Over a quasi-Hopf algebra, the category of relative Hopf modules has been introduced and studied [^, 
as well as the category of Hopf //-bimodules (see 114]) and the category of Hopf modules (see 


[|19|]). We will introduce Doi-Hopf modules, and we will show that, at least in the case where H is finite 
dimensional, all these categories are isomorphic to certain categories of Doi-Hopf modules. 

First we recall from the definition of a relative Hopf module. Let // be a quasi-bialgebra and C a right 
//-module coalgebra. Let A be a k-vector space furnished with the following additional structure: 


A is a right A-module; the right action of # G A on n G A is denoted by nh\ 


- A is a left C-comodule in the monoidal category Mh', we use the following notation for the left 
C-coaction on A: Pa? : A —C <^N, pA?(n) = L^[-i] ® ^[o] i this means that the following conditions 
hold, for all n ^ N: 


Le(«[-i])«[o] =n 

{A^idN){pN{n))^~^ = {idc®PN){PN{n)) (5.1) 

- we have the following compatibility relation, for all n G A and c £C: 

PNinh) =Y,n[-i]-hi<Sin[o]h2. (5.2) 

Then A is called a left [C, A]-Hopf module. is the category of left [C, A]-Hopf modules; the 

morphisms are right A-linear maps which are also left C-comodule maps. We will now generalize this 
definition. 
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Definition 5.1 Let H be a quasi-bialgebra over afield k, C a right H-module coalgebra and 
a left H-comodule algebra. A right-left (H,^,C)-Hopf module (or Doi-Hopf module) is a k-module N, 
with the following additional structure: N is right ^-module (the right action of b on n is denoted by 
nb), and we have a k-linear map : N ^ C <^N, such that the following relations hold, for all n € N 
and b G 


(A0/<iiv)(pAi(n)) = (/<icC)p/v)(p/v(n))<I>;^ 

(5.3) 

(£0/dAf)(pAf(n)) = n 

(5.4) 


(5.5) 


As usual, we use the Sweedler-type notation Pa?(«) = L^[-i] ® ^[o]- {H)<s is the category of right-left 

(H,^,C)-Hopf modules and right '^-linear, left C-colinear k-linear maps. 

Obviously, if OS = //, X = A and <!>;(_ = <I>, then ‘'fW {H)<s = ^A(h- 

The main aim of Section ^ will be to define the category of two-sided two-cosided Hopf modules over 
a quasi-bialgebra, and to prove that it is isomorphic to a module category in the finite dimensional case. 
To this end, we will need our next result, stating that the category of Doi-Hopf modules is a module 
category in the case where the coalgebra C is finite dimensional. In fact, for an arbitrary right //-module 
coalgebra C, the linear dual space of C, C*, is a left //-module algebra. The multiplication of C* is the 
convolution, that is {c*d*){c) = I^c*(cj^)r/*(c 2 ), the unit is £ and the left //-module structure is given by 
(h c*)(c) = c*(c-h), for h^H,c*,d* £ C*, c £C. Thus C* is a left //-module algebra and 
is a left //-comodule algebra. By Proposition |4.1| , it makes sense to consider the generalized smash 
product algebra 

Proposition 5.2 Let H be a quasi-bialgebra, C a finite dimensional right H-module coalgebra and 
(IB, a left H-comodule algebra. Then the category (Z/)® of right-left (H ,C)-Hopf modules 
is isomorphic to the category of right modules over 

Proof. We restrict to defining fhe functors fhaf define fhe isomorphism of cafegories, leaving all ofher 
defails to fhe reader. Lef and be dual bases in C and C*. 

Lef be a righf C*^<iB-module. Since /: ^ /(b) = £^<b for b G *B, is an algebra map, 

if follows fhaf A/ is a righf IB-module via fhe acfion nb = ni{b) = n(£^<b), n G A/, b G *B. The map 
j : C* —> j{c*) = c*^<l®, c* G C*, is nof an algebra map (if is nof mulfiplicafive) buf if can be 

used fo define a leff C-coacfion on N: 

n n 

PN{n) =52n[-i] ®n[-i] = Y^Ci®nj{c*) = ^c,-0n(c'^<l<B). (5.6) 

!=1 1=1 

We can easily check fhaf N becomes an objecf in (Z/)®. 

Conversely, fake N G (Z/)®- Then // is a righf 53-module and C* acfs on M from fhe righf as follows: 
lef nc* = Lc*(n-i])n[o]> n £N,c* ^ C*. Now define 

n(c*^<b) = {nc*)b = ^c*(n[_i])n[o]^’- (5-7) 

Then N becomes a righf C*^<*B-module. □ 

6 Two-sided two-cosided Hopf modules 

Now we define fhe cafegory of fwo-sided fwo-cosided Hopf modules If H is finite dimen¬ 

sional, fhen fhis cafegory is isomorphic fo a certain cafegory of righf-leff Doi-Hopf modules, (H 0 
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h*)#h' ^ consequence, if C is also finite dimensional then this category is isomorphic to the 

category of right modules over a generalized smash product, by Proposition |5.2|. 


Definition 6.1 /|7^ Definition 8.2]. Let H be a quasi-bialgebra. An H-bicomodule algebra A is a 
quintuple where X and p are left and right H-coactions on A, and where G 


H ® A, <I>p ^ A®H and p ® A®H are invertible elements, such that 

- (A, X, is a left H-comodule algebra, 

- (A, p, <I>p) is a right H-comodule algebra, 

- the following compatibility relations hold, for all a G A: 

^X,p{X^id){p{a)) = {idiS)p){X{a))^x,p ( 6 - 1 ) 

(1// ® ^x,p)iid <S'Xi^ id) (<Px,p)® 1//) = (id <8) id (g) p)(A(g id (g )(<I>A,p) (6.2) 

(1// (g <I>p)(/li (g p g id) (<P;l,p)(<Pa,p g 1//) = {id g id g A) p) (X g id g id) (<I>p). (6.3) 

It was pointed out in [ |T^ that the following additional relations hold in an //-bicomodule algebra A: 

(/r///g/r/Ag£)(‘I’A.p) = l//g 1 a, (egt‘5?Agt'^//)(^>t,p) = lAg !//• (6.4) 


As a first example, take A = H,X = p = A and <I>;^ = <I>p = <I>;l p = <I>. Related to the left and right 
comodule algebra structures of A we will keep the notation of the previous Sections. We will use the 
following notation: 

<I>x.p = gfl^ gfl^ = gfl^ gfl^ = etc. 


and 


<I>j^ p = g 00^ g 00^ = ^ (0^ g (0^ g 00^ = etc. 


If // is a quasi-bialgebra, then the opposite algebra is also a quasi-bialgebra. The reassociator of //°p 
is <I>op = ^ g //°P is also a quasi-bialgebra with reassociator 


(A ^ g ) g (A^ g ) g (X^ g ). 


(6.5) 


If we identify //g//°P-modules and (//,//)-bimodules, then the category of (//,//)-bimodules, hA{h, is 
monoidal. The associativity constraints are given by aV,v,w : (t/gP)gW^t7g(ygVT), where 

= ‘I’- (ng (vgw)) (6.6) 


for all U,V,W € h^h, u ^U,v and w € VT. A coalgebra in the category of (//,//)-bimodules will 
be called an //-bimodule coalgebra. More precisely, an //-bimodule coalgebra C is an (//,//)-bimodule 
(denote the actions by h - c and c ■ h) with a comultiplication A : C ^ C ®C and a counit Z'.C^k 
satisfying the following relations, for all c G C and h &H: 

<!>• (Ag/d)(A(c)) = (jWgA)(A(c)) (6.7) 

A{h-c) = '^h\ ■ c\_®h 2 -C 2 , A{c-h) ='^c\-h\®C 2 -h 2 (6.8) 

e{h ■ c) = e{h)e{c), e{c ■ h) = e{c)e{h) (6.9) 


where we used the same S weedier-type notation as before. An //-bimodule coalgebra C becomes a right 
H g //°P-module coalgebra via the right H g //°P-action 

c-{h®h') =h'-c-h (6.10) 

for c G C and h, h' G H. Our next definition extends the definition of two-sided two-cosided Hopf modules 
from [|T^]. 
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Definition 6.2 Let H be a quasi-bialgebra, H-bicomodule algebra and C an 

H-bimodule coalgebra. A two-sided two-cosided {H, A,C)-Hopf module (or crossed Hopf module) is a 
k-vector space with the following additional structure: 

- N is an (H ,A)-two-sided Hopf module, i.e. N € uAff; we write A for the left H-action, A for the 

right A-action, and p^{n) = l^e right H-coaction onn £ N; 

- we have k-linear map : N ^ C iSi N, p^{n) = L^[-i] ® ^[o]> called the left C-coaction on N, 
such that L£(^[-i])^[0] = ^ tind 

<I>(A®iWA,)(p^(?i)) = (idc<^PN){PN{n))^x 

for all n £ N; 

- N is a (C,H)- “bicomodule”, in the sense that, for all n £N, 

^{pN®idH){pN{n)) = {idc(S)pN){pNi’^))^X..p 

- the following compatibility relations hold 

p'^ihyn) = ^/ji 0/i2 ^ «[o] 
p^{n){n^a) = • a[_i] (8)?i[o] ^ ap] 

for all h £ H, n £N and a £ A. 

will be the category of two-sided two-cosided Hopf modules and maps preserving the actions by 
H and A and the coactions by H and C. 

Let // be a quasi-bialgebra, A an //-bicomodule algebra and C an //-bimodule coalgebra. Let us call 
the threetuple {H,A,C) a Drinfeld datum. In the rest of this Section we will show that if // is a finite 
dimensional quasi-Hopf algebra then the above category is isomorphic to a certain category of 

Doi-Hopf modules. To this end, we first need some lemmas. 

Lemma 6.3 Let H be a finite dimensional quasi-Hopf algebra and (A, ?i,p, <!>;(.,<I>p,<I>;^p) an H-bicomodule 
algebra. Consider the map 


( 6 . 11 ) 


( 6 . 12 ) 


(6.13) 

(6.14) 


p: {A#H*)#H ^ {H^H°'P)^{A#H*)#H 


given by 

p{{a # (p)#/i) = ^a[_i](0^ ®S{y^h 2 ) ® (apjCO^ #y' ^ tp ^ m^)#y^h\ (6.15) 

for any a £ A, tp G H* and h £ H, where = ^ 00 ^ (8) 00 ^ 0 ( 0 ^. Set 

^ g'Six^)) ^ (Xl 0 g^S{x^)) 0 (Xl # s)fe' (6.16) 

where 0g^ is the element defined in ( |i. 761 ). Then {{A#H*)#H,p,^p) is a left //0//°P- 

comodule algebra. 
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Proof. We first show that p is an algebra map. Using ( 1.30D and (2.11) we can easily show that the 
multiplication on {A#H*)#H is given by 


((a # cp)#/j)((a' # 

= # (-’c' ^ tp ^ ^ \|/ ^ Xp)#x^h2h' 

for all a, a' G A, cp,\|/ G //* and h,h' G H. Therefore 


p{{{a # (^)#h){{a # \\f)#h')) 


(Udi) 

(E 30 ) 

dUD 

(CT) 


^a[_i]a<o>,_„(^p)[-i]( 0 ^ < 8 ) 5 (y 3 .rf/i( 2 , 2 )/i 2 ) ® [«[ 0 ]«<o>[o] (■^p)[ 0 ]®^ 

# {y\x^ ^ cp ^ ^ \|/ ^ i^(of)]#y^x^/i(2,i)/ii 

05 (yV/z( 2 , 2 )/j 2 ) <S' [a[o]a<o>p,®^(o|o>4 

# (zV' ^ cp ^ a<i>ro^(o|i>Xp)(z^y?.r^/ii ^ \|/ ^ (0^^p)]#z^y2-^^/i(2,i)/j'i 

( 8 ) 5 (y^/j 2 ) -opSix^h^) ® [a[o]ro^(ajo]( 0 ^)<o>.rp # (zV^ 

^ (p ^ ro^(a{o](o2)<i>x^)(z^y?/j(i,i)x' ^ \|/ ^ (o3x^)]#z^y^/j(i_2)-^^/2i 
^a[_i]C0^a'_i](O^ (8)5'(y^/z2) iX) [(ajojco^ #zV^ ^ cp ^ ro^) 

(a'ojco^ #z^yi/j(i,i)X^ ^ xp ^ (0^)]#z^y2^(i 2)X^/ii 

^a[_i]C 0 ^a|_j]C 0 ^ ®S{y^h 2 ) ■opS{x^h' 2 ) <S) #y' ^ cp ^ co^)#y^/ji] 

[(ajojCO^ #x^ ^ \|/ ^ (0^)#x^/ji] 
p((a # <p)#h)p{{a' # \|/)#/i') 


where -op is the product in Obviously p respects the unit element and ( ^7^ holds, 
proved using similar computations as above and is left to the reader. Using the notation 




we can compute 


{id ® id (g) p) (<I>p)(A(g) id g) id){^p) 

= £(liggiS(x3))((Fi)igGl5(y3)^)^(x2^g2^(^2)) 

((f 1)2 ® G\S{/)2) ® ((a1)[_.] ® S{x\)){yI g G^S{y^)) 
g[((Al)p]#e)fel][(Tl#e)#yi] 


dmo) 


(^, [r 9 | , [rT^ ) 


(OB 


£(xl(fl)i ® Glg'5(yV)) g (ll(fl)2 g Gk2s(z33;2^2)) 

®((^l)[-i]?l®G 25 (z'y?^'))g[((ll)[ 0 ]Tl#s)#zV'] 

£(f1a' gxigiS(y3)) g {x{{YlfX^®xWG^S{z^yl)) 
®{xI{yI) 2 X^ ^x^glG^Sizhl)) g [(aIfI #s)#zV'] 

I(j'l®g'%'))(A'gxi)g(AlgG'S(z'))((Fl)igg?5(y2)i) 

g[(xl#s)#zi][(Fl#s)#yi] 


(H) 


( 1// g <I>p) (/it g A//0//OP g iW) (<I>p) (<I>//(g,//op g 1) 


(6.17) 


can be 
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where (8)G^ is another copy of / ' and 1 = (1^^ #s)#l// is the unit of the algebra {A# H*)#H. □ 


Let // be a finite dimensional quasi-Hopf algebra, (A, X, p, , <I>p, <I>x,p) an //-bicomodule algebra and C 
an //-bimodule coalgebra. By Lemma |6.3[, we can consider the category of Doi-Hopf modules {H (g) 


^°'^\a #prove that it is isomorphic to the category of two-sided two-cosided Hopf 
modules ■ 

Lemma 6.4 Let H be a quasi-Hopf algebra and (//, A,C) a Drinfeld datum. We have a functor 

F{N) =N as a k-module, with structure maps given by the equations 

n^((a#(f>)#h) =^(p5^^(/2n(i)a<i>p2)5(/j)/i ^ ^ a<o>^p (6.18) 

Pw(«) ■”[-!] ^ ”[0] (6.19) 

for all n G N, a A, € H* and hG H. F sends a morphism to itself 

Proof Since A is a two-sided (A,//)-Hopf module, we know by ( [3.38 ) that A is a right {A# 
module via the action defined by ( |6.18 ). Let be another copy of /. For any n G N, we have 

that 

(^•10|J6.19[) = XS(A3)Fi-(/.n[_i])i-4gS(x2)F"-(/'-«hi])2-4 
g5(A')/gn[o]^4 

(P) = £s(A3)F'//.n[_i],-4gS(A2)FV2-«[-%-4 

®S(A')/ gn[0] -<xl 
Y,f •«[-!] (S'FV? -wp,-!] F n[o,o] 

■ «[-i] (X>F^ ■ {f g n[o])[-i] ®FV if F n[o])[o] 

£«{_!} gFi-niojj.j, gFV n{0}p, 


( |611| , [l^ , [lT^ ) 

(EH 

(EH 

(EH 


We still have to show the compatibility relation (E5|)- First observe that (E^), ( |6.3[ ) and ( |L5[ ) imply 

^)[_ 1] g )[0] ® ^ ^ (0^ g w<o>Fp (o<i>PpS((o^). (6.20) 

For all n G A^, a G A, tp e //* and h G H we compute that 
p^(n^((a#(p)#/i)) 

(|6.18| , |6.19| ) = Y,(^S-\fn(^i)a<i>pl)F^-iS{h)fyn(^o)^a<o>pl)[-i] 

gF^ g (Siff y n(o) ^ a<o>Fp)[o] 

(16.131, 1 Fill ) = •«(0)|_i| •a<o>|_i|(Fp)[-i] 

g5(Ai)FV2 ^«(0)|0] ^«<0>|o](4)[0] 
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(EB = 


(E20^, 

PI) = 


(14 

1.18) = 


6.13) = 


PI) = 

(ra,^) = 


completing the proof. 


0Sihi)F^fl ^'^(0)|o] ^ w^0]<o>^^(Pp)[0] 

if ^ ^[0](i)^[0]<i>®<i>^p‘^(® ))Sih2)F f^x • • a[_i](0 

<SiS{hi)F^f2X^ ^ «[o](o) ^‘3[0]<o>®<0>.Pp 

^ tp^ (O^)5-i(FV|n[0](,)a[0]<,>w|i>.Pp)>^(^^/i2)/^ -^hi] •a[-i]( 0 ^ 
(8)5(x^/2.i)FViVn[o](o) ^«[ 0 ]<o>®lo>Pp 
£(xi ^(^^(xf)S-\F^{f y «[o])(i)a[o]<,>®<i>.Pp) 

5 (x^/z 2 )/^•a[_i]( 0 ^< 8 )S(x^/ji)F' ^ (/ ^n[o])( 0 ) ^ «[ 0 ]<o>®<o>Pp 
Y,f ■«[-!] • [a[-i](0^ ®5 (x^/J2)] 

(g)(/^ n[o])^[(a[o]CO^ #x' ^ tp ^ co^)#x^/zi] 


□ 


Lemma 6.5 Let H be a finite dimensional quasi-Hopf algebra and (//, A,C) a Drinfeld datum. We have 
a functor 

G{N) = N as a k-module, with structure maps given by 


h y n = n^[{l^# e)#S ^(h)], n y a = n^[{a# e)#lH], (6.21) 

n 

■. N ^N®H, p^in) = Y^n^[{ql#S^\g^)^e'S^ql)#S-\g^)]®ei, (6.22) 

i=\ 

=Y,8^ ■n[-\]®g^ yn^ (6.23) 


for n N, a € A and h ^ H. Here {ei}i^Yn basis ofH and is the corresponding dual basis 

ofH*. G sends a morphism to itself 


Proof Since A is a right (A #//*)#//-module, we already know by ( |3.35 ) and ( 3.37 ) that H is, & two- 
sided (A,7/)-Hopf module via ( |6.21 ) and ( |6.22 ). Thus we only have to check ( 5.11 ), ( |6.12 ) and ( |6.13 ). 
First note that N G (// (8)//°p)^^ ^ //*)#// 


(8)n[o-i] ®«[o,o] 

= (6-24) 

52 {?i^[(a # (p)#/z]}[_i] (g) {n^[(a #£)#/z]}[o] 

= ^S(x^/j2) •«[_!] •a[_i](0^ ®n[0]'^[(^[0]®^ ^ ^ (6.25) 

for all n G A, a G A, tp G //* and /j G //. By the above definitions and ( |6.25| ) it is immediate that 

pC(/j •^n)= A(/j)p^(n) and p^(n ya)= pj(n)px(a) (6.26) 


for all /j G //, n G A and a G A (we leave it to the reader to verify the details). Let (g) be another 
copy of We compute that 


<I>(A(g)/r/Ar)(p^(?l)) 
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(5.23) 


6.2 

1,6.8) 

(6.24 

6.17) 




1.9,1.18) 


(5.21) 

(6.23, 

6.8 

6.26) 


(S)X^g\ ■ (8) «[o]^[(1A # V)] 

£x'glG'5(x3) •«[_!] ■xi(^X^g\G^S{x^)-n^o,-i] 'Xl 

^n[ofl]^[{xl#e)#S-\X^g^S{x^))] 
'£g'-n[-iyXi^gjGXn^,_,yXl 
m[ofi]^[{xl# e)#S-\glG^)] 

Y^g^ '^[-\] ■Xx®g\G^ ■'^[ 0 ,- 1 ] 'Xx^giG^ >- ?i[o,o] ^ 
{idc<^^){^{n))^X- 


The verification of (5.12) is based on similar computations, and we leave the details to the reader. 


□ 


As a consequence of Lemmas and we have the following description of ^ category of 

Doi-Hopf modules; this description generalizes ||T], Proposition 2.3]. 


Theorem 6.6 Let H be a finite dimensional quasi-Hopf algebra and (//, A,C) a Drinfeld datum. Then 
the categories ^nd^M (^®^°^)(A #//*)#// isomorphic. 


Proof. We have to verify that the functors F and G defined in Lemmas |6^ and are inverses. For 
the C-coactions ( |6.19D and ( |6.23 ), this is obvious; for the other structures, it has been already done in 
Corollary O. □ 


Proposition 52 and Theorem immediately imply the following result. 


Corollary 6.7 Let H be a finite dimensional quasi-Hopf algebra and {H,A,C) a Drinfeld datum with 
C finite dimensional. Then the category ^^a isomorphic to the category of right modules over the 
generalized smash product C*^<{{A# H*)#H). 


Remark 6.8 Let H he a finite dimensional Hopf algebra. Cibils and Rosso [§] introduced an algebra 
X = (//°P (g) 77)® (77* having the property that the category of two-sided two-cosided Hopf mod¬ 

ules over 77* coincides with the category of left A-modules. Moreover, it was also proved in ||^ that X 
is isomorphic to the direct tensor product of a Heisenberg double and the opposite of a Drinfeld double. 


Recently, Panaite QISQ introduced two other algebras Y and Z with the same property as X. More pre¬ 
cisely, Y is the two-sided crossed product 77*#(77 ® 77 °p)#77*‘’p, and Z is the diagonal crossed product 


in the sense of [12], (77* ®77*"P) ixi (77®77 °p). Using different methods, we proved that the category 
of two-sided two-cosided Hopf modules over a finite dimensional quasi-Hopf algebra is isomorphic to 
the category of right (resp. left) modules over the generalized smash product A = #77*)#77) 

(resp. A°P). Note that, in general, the multiplication on C*x{{A #is given by the formula 


[c* ►<((«# cp)#/j)] [d* X{{a# \\l)#h')] 
i„i 




cp- 


(0 a 


■ d* ^ 5(aV/i2)/^)^<{[4«[o]W^«<o>-^p 

.3 2 , 


<1> 


Xp)iXy,2)y ^¥^^p)]#^2r^2^(l,2)7l } 
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